
IMPLICIT INTEGRATION OF THE TIME-DEPENDENTGINZBURG{LANDAU EQUATIONS OF SUPERCONDUCTIVITYD. O. GUNTER , H. G. KAPER , AND G. K. LEAF�Abstract. This article is concerned with the integration of the time-dependent Ginzburg{Landau (TDGL) equations of superconductivity. Four algorithms, ranging from fully explicit to fullyimplicit, are presented and evaluated for stability, accuracy, and compute time. The benchmarkproblem for the evaluation is the equilibration of a vortex con�guration in a superconductor that isembedded in a thin insulator and subject to an applied magnetic �eld.Key words. Time-dependent Ginzburg{Landau equations, superconductivity, vortex solution,implicit time integrationAMS subject classi�cations. 65M12, 82D55 (Primary); 35K55 (Secondary)1. Introduction. At the macroscopic level, the state of a superconductor canbe described in terms of a complex-valued order parameter and a real vector potential.These variables, which determine the superconducting and electromagnetic propertiesof the system at equilibrium, are found as solutions of the Ginzburg{Landau (GL)equations of superconductivity. Because they correspond to critical points of the GLenergy functional [1, 2], they can, at least in principle, be determined by minimizinga functional. In practice, one introduces a time-like variable and computes equilib-rium states by integrating the time-dependent Ginzburg{Landau (TDGL) equations.The TDGL equations, �rst formulated by Schmid [3] and subsequently derived frommicroscopic principles by Gor'kov and �Eliashberg [4], are nontrivial generalizations ofthe (time-independent) GL equations, as the time rate of change must be introducedin such a manner that gauge invariance is preserved at all times. The TDGL equa-tions have been analyzed by several authors; see, for example, the articles [5, 6] andthe references cited there.We are interested, in particular, in vortex solutions of the GL equations. Theseare singular solutions, where the phase of the order parameter changes by 2� alongany closed contour surrounding a vortex point. Vortices are of critical importance intechnological applications of superconductivity.Computing vortex solutions of the GL equations by integrating the TDGL equa-tions to equilibrium has the advantage that the solutions thus found are stable. Atthe same time, one obtains information about the transient behavior of the system.Integrating the TDGL equations to equilibrium is, however, a time-consuming pro-cess requiring considerable computing resources. In simulations of vortex dynamics insuperconductors, which were performed on an IBM SP with tens of processors in par-allel, using a simple one-step Euler integration procedure, we routinely experiencedequilibration times on the order of one hundred hours [7, 8, 9]. Incremental changeswould gradually drive the system to lower energy levels. These very long equilibrationtimes arise, of course, because we are dealing with large physical systems undergoing aphase transition. The energy landscape for such systems is a broad, gently undulatingplain with many shallow local minima. It is therefore important to develop e�cientintegration techniques that remain stable and accurate as the time step increases.�Mathematics and Computer Science Division, Argonne National Laboratory, Argonne, IL 60439(authorname@mcs.anl.gov). This work was supported by the Mathematical, Information, and Com-putational Sciences Division subprogram of Advanced Scienti�c Computing Research, U.S. Depart-ment of Energy, under Contract W-31-109-Eng-38.1



2 D. O. GUNTER, H. G. KAPER, AND G. K. LEAFIn this article we present four integration techniques ranging from fully explicitto fully implicit for problems on rectangular domains in two dimensions. These two-dimensional domains should be viewed as cross sections of three-dimensional systemsthat are in�nite and homogeneous in the direction of the magnetic �eld, which isorthogonal to the plane of the cross section. The algorithms are scalable in a multi-processing environment and generalize to three dimensions. We evaluate the perfor-mance of each algorithm on the same benchmark problem, namely, the equilibrationof a vortex con�guration in a system consisting of a superconducting core embeddedin a blanket of insulating material (air) and undergoing a transition from the Meissnerstate to the vortex state under the in
uence of an externally applied magnetic �eld.We determine the maximum allowable time step for stability, the number of timesteps needed to reach the equilibrium con�guration, and the CPU cost per time step.Di�erent algorithms correspond to di�erent dynamics through state space, so theeventual equilibrium vortex con�guration may di�er from one algorithm to another.Hence, once we have the equilibrium con�gurations, we need some measure to assesstheir accuracy. For this purpose we use three parameters: the number of vortices,the mean intervortex distance (bond length), and the mean bond angle taken overnearest-neighbor pairs of bonds. When each of these parameters di�ers less than aspeci�ed tolerance, we say that the corresponding vortex con�gurations are the same.Our investigations show that one can increase the time step by almost two ordersof magnitude, without losing stability, by going from the fully explicit to the fullyimplicit algorithm. The fully implicit algorithm has a higher cost per time step, butthe wall clock time needed to compute the equilibrium solution (the most importantmeasure for practical purposes) is still signi�cantly less. The wall clock time can bereduced further by using a multi-timestepping procedure.In x2, we present the Ginzburg{Landau model of superconductivity, �rst in itsformulation as a system of partial di�erential equations, then as a system of ordinarydi�erential equations after the spatial derivatives have been approximated by �nitedi�erences. In x3, we give four algorithms to integrate the system of ordinary equa-tions: a fully explicit, a semi-implit, an implicit, and a fully implicit algorithm. In x4,we present and evaluate the results of the investigation. In x5, we further evaluate thefully implicit algorithm from the point of view of parallelism and multi-timestepping.The conclusions are summarized in x6.2. Ginzburg{LandauModel. The time-dependent Ginzburg{Landau (TDGL)equations of superconductivity [2, 3, 4] are two coupled partial di�erential equationsfor the complex-valued order parameter  = j jei� and the real vector-valued vectorpotential A,�h22msD � @@t + ies�h �� = � 12ms ��hir� esc A�2  + a � bj j2 ;(2.1) ��1c @A@t +r�� = � c4�r�r�A+ Js:(2.2)Here, Js is the supercurrent density, which is a nonlinear function of  and A,Js = es�h2ims ( �r �  r �)� e2smsc j j2A = esms j j2 ��hr�� esc A� :(2.3)The real scalar-valued electric potential � is a diagnostic variable. The constants inthe equations are �h, Planck's constant divided by 2�; a and b, two positive constants;



INTEGRATION OF THE GINZBURG{LANDAU EQUATIONS 3c, the speed of light; ms and es, the e�ective mass and charge, respectively, of thesuperconducting charge carriers (Cooper pairs); �, the electrical conductivity; andD, the di�usion coe�cient. As usual, i is the imaginary unit, and � denotes complexconjugation.The quantity j j2 represents the local density of Cooper pairs. The local timerate of change @tA of A determines the electric �eld, E = (1=c)@tA+r�, its spatialvariation the (induced) magnetic �eld, B = r�A.The TDGL equations describe the gradient 
ow for the Ginzburg{Landau energyfunctional. This functional is zero in the normal state, when  = 0 and the externallyapplied magnetic �eld penetrates the superconductor everywhere, r�A = H. In thesuperconducting state, it is given by the expressionE = Z " 12ms ������hir� esc A� ����2 + ��aj j2 + b2 j j4�+ jr�A�Hj2# dx:(2.4)The three terms represent the kinetic energy, the condensation energy, and the �eldenergy, respectively. A thermodynamic equilibrium con�guration corresponds to acritical point of E.The energy functional (2.4) assumes that there are no defects in the supercon-ductor. Material defects can be naturally present or arti�cally induced and can be inthe form of point, planar, or columnar defects (quenched disorder). A material defectresults in a local reduction of the depth of the well of the condensation energy. Asimple way to include material defects in the Ginzburg{Landau model is by assumingthat the parameter a depends on position and has a smaller value wherever a defectis present.2.1. Dimensionless Form. Let  21 = a=b, and let �, �, and Hc denote theLondon penetration depth, the coherence length, and the thermodynamic critical�eld, respectively,� = � msc24� 21e2s�1=2 ; � = � �h22msa�1=2 ; Hc = (4�a 21)1=2:(2.5)In this study, we render the TDGL equations dimensionless by measuring lengths inunits of �, time in units of the relaxation time �2=D, �elds in units of Hcp2, andenergy densities in units of (1=4�)H2c . The nondimensional TDGL equations are� @@t + i�� = �r� i�A�2  + � � j j2 ;(2.6) ��@A@t + �r�� = �r�r�A+ Js;(2.7)where Js = 12i� ( �r �  r �) � 1�2 j j2A = 1� j j2�r�� 1�A� :(2.8)Here, � = �=� is the Ginzburg{Landau parameter and � is a dimensionless resistivity,� = (4�D=c2)�. The coe�cient � has been inserted to account for defects; � (x) < 1 ifx is in a defective region; otherwise � (x) = 1. The nondimensional TDGL equationsare associated with the dimensionless energy functionalE = Z "�����r� i�A� ����2 + ��� j j2 + 12 j j4�+ jr�A�Hj2# dx:(2.9)



4 D. O. GUNTER, H. G. KAPER, AND G. K. LEAF2.2. Gauge Choice. The (nondimensional) TDGL equations are invariant un-der a gauge transformation,G� : ( ;A;�) 7! ( ei�;A+ �r�;�� @t�):(2.10)Here, � can be any real scalar-valued function of position and time. We maintain thezero-electric potential gauge, � = 0, at all times, using the link variable U,U = exp�� i� Z A� :(2.11)This de�nition is componentwise: Ux = exp(�i��1 R xAx(x0; y; z) dx0), : : : . Thegauged TDGL equations can now be written in the form@ @t = X�=x;y;zU�� @2@�2 (U� ) + � � j j2 ;(2.12) �@A@t = �r�r�A + Js;(2.13)where Js;� = 1� Im �(U� )� @@� (U� )� ; � = x; y; z:(2.14)2.3. Two-Dimensional Problems. From here on we restrict the discussion toproblems on a two-dimensional rectangular domain (coordinates x and y), assumingboundedness in the x direction and periodicity in the y direction. The domain rep-resents a superconducting core surrounded by a blanket of insulating material (air)or a normal metal. The order parameter vanishes outside the superconductor, andno superconducting charge carriers leave the superconductor. The whole system isdriven by a time-independent externally applied magnetic �eld H that is parallel tothe z axis,H = (0; 0;H). The vector potential and the supercurrent have two nonzerocomponents, A = (Ax; Ay; 0) and Js = (Jx; Jy; 0), while the magnetic �eld has onlyone nonzero component, B = (0; 0; B), where B = @xAy � @yAx.2.4. Spatial Discretization. The physical con�guration to be modeled (su-perconductor embedded in blanket material) is periodic in y and bounded in x. Inthe x direction, we distinguish three subdomains: an interior subdomain occupiedby the superconducting material and two subdomains, one on either side, occupiedby the blanket material. We take the two blanket layers to be equally thick, but donot assume that the problem is symmetric around the midplane. (Possible sourcesof asymmetry are material defects in the system, surface currents, and di�erent �eldstrengths on the two outer surfaces.)We impose a regular grid with mesh widths hx and hy,
i;j = (xi; xi+1)� (yj ; yj+1); xi = x0 + ihx; yj = y0 + jhy;(2.15)assuming the following correspondences:Left outer surface: x = x0 + 12hx, i = 0,Left interface: x = xnsx�1 + 12hx, i = nsx � 1,Right interface: x = xnex + 12hx, i = nex,Right outer surface: x = xnx + 12hx, i = nx.



INTEGRATION OF THE GINZBURG{LANDAU EQUATIONS 5One period in the y direction is covered by the points j = 1; : : : ; ny. We use thesymbols Sc and Bl to denote the index sets for the superconducting and blanketregion, respectively,Sc = f(i; j) : (i; j) 2 [nsx; nex]� [1; ny]g;(2.16) Bl = f(i; j) : (i; j) 2 [1; nsx� 1][ [nex + 1; nx]� [1; ny]g:(2.17)The order parameter  is evaluated at the grid vertices, i;j =  (xi; yj); (i; j) 2 Sc;(2.18)the components Ax and Ay of the vector potential at the midpoints of the respectiveedges, Ax;i;j = Ax(xi + 12hx; yj); Ay;i;j = Ay(xi; yj + 12hy); (i; j) 2 Sc [ Bl;(2.19)and the induced magnetic �eld B at the center of a grid cell,Bi;j = B(xi + 12hx; yj + 12hy)(2.20) = Ay;i+1;j �Ay;i;jhx � Ax;i;j+1 � Ax;i;jhy ; (i; j) 2 Sc [ Bl;see Fig. 2.1. The values of the link variables and the supercurrent are computed from
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Bi,jAy;i,jFig. 2.1. Computational cell with evaluation points for  , Ax, and Ay.the expressions Ux;i;j = e�i��1hxAx;i;j ; Uy;i;j = e�i��1hyAy;i;j ;(2.21) Jx;i;j = 1�hx Im� �i;jUx;i;j i+1;j�; Jy;i;j = 1�hy Im � �i;jUy;i;j i;j+1� :(2.22)The discretized TDGL equations ared i;jdt = (Lxx(Ux;�;j) �;j)i + (Lyy(Uy;i;�) i;�)j + N ( i;j) ; (i; j) 2 Sc;(2.23) �dAx;i;jdt = (DyyAx;i;�)j � (DyxAy;�;�)i;j + Jx;i;j; (i; j) 2 Sc [ Bl;(2.24) �dAy;i;jdt = (DxxAy;�;j)i � (DxyAx;�;�)i;j + Jy;i;j: (i; j) 2 Sc [ Bl;(2.25)



6 D. O. GUNTER, H. G. KAPER, AND G. K. LEAFwhere (Lxx(Ux;�;j) �;j)i = h�2x �Ux;i;j i+1;j � 2 i;j + U�x;i�1;j i�1;j� ;(2.26) (Lyy(Uy;i;�) i;�)j = h�2y �Uy;i;j i;j+1 � 2 i;j + U�y;i;j�1 i;j�1� ;(2.27) N ( i;j) = �i;j i;j � j i;jj2 i;j ;(2.28) (DyyAx;i;�)j = h�2y [Ax;i;j+1 � 2Ax;i;j + Ax;i;j�1] ;(2.29) (DxxAy;�;j)i = h�2x [Ay;i+1;j � 2Ay;i;j + Ay;i�1;j] ;(2.30) (DyxAy;�;�)i;j = h�1x h�1y [(Ay;i+1;j �Ay;i;j)� (Ay;i+1;j�1 � Ay;i;j�1)] ;(2.31) (DxyAx;�;�)i;j = h�1x h�1y [(Ax;i;j+1 �Ax;i;j)� (Ax;i�1;j+1 � Ax;i�1;j)] :(2.32)The interface conditions are nsx�1;j = Ux;nsx�1;j nsx;j;  nex+1;j = U�x;nex ;j nex;j ; j = 1; : : : ; ny:(2.33)At the outer boundary, B is given,B0;j = HLj ; Bnx;j = HRj ; j = 1; : : : ; ny:(2.34)The resulting approximation is second-order accurate [10].3. Time Integration. We now address the integration of Eqs. (2.23){(2.25).The �rst equation, which controls the evolution of  , involves the second-order linear�nite-di�erence operators Lxx and Lyy, whose coe�cients depend on Ax and Ay,and the local nonlinear operator N , which involves neither Ax nor Ay. Each of theother two equations, which control the evolution of Ax and Ay respectively, involveslikewise a second-order linear �nite-di�erence operator, but with constant coe�cients,and the nonlinear supercurrent operator, which involves  , Ax, and Ay. The followingalgorithms are distinguished by whether the various operators are treated explicitlyor implicitly.3.1. Fully Explicit Integration. Algorithm I uses a fully explicit forwardEuler time-marching procedure for  , Ax, and Ay. Starting from an initial triple( 0; A0x; A0y), we solve for n = 0; 1; : : : , n+1i;j �  ni;j�t = �Lxx(Unx;�;j) n�;j�i + �Lyy(Uny;i;�) ni;��j + N � ni;j� ; (i; j) 2 Sc;(3.1) �An+1x;i;j � Anx;i;j�t = �DyyAnx;i;��j � �DyxAny;�;��i;j + Jnx;i;j; (i; j) 2 Sc [ Bl;(3.2) �An+1y;i;j �Any;i;j�t = �DxxAny;�;j�i � �DxyAnx;�;��i;j + Jny;i;j: (i; j) 2 Sc [ Bl;(3.3)where Jn is de�ned in terms of  n, Anx, and Any in the obvious way. The initial tripleis usually chosen so the superconductor is in the Meissner state, with a seed presentto trigger the transition to the vortex state.Algorithm I has been described in [10]. It has been implemented in a distributed-memory multiprocessor environment (IBM SP2); the transformations necessary toachieve the parallelismhave been described in [11]. The code uses the Message PassingInterface (MPI) standard [12] as implemented in the MPICH software library [13] fordomain decomposition, interprocessor communication, and �le I/O. The code has



INTEGRATION OF THE GINZBURG{LANDAU EQUATIONS 7been used extensively to study vortex dynamics in superconducting media [7, 8, 9].The underlying algorithm provides highly accurate solutions but requires a signi�cantnumber of time steps for equilibration. For stability reasons, the time step �t cannotexceed 0.0025.3.2. Semi-Implicit Integration. Algorithm II is generated by an implicit treat-ment of the second-order linear �nite-di�erence operators Dyy and Dxx in the equa-tions for Ax and Ay, respectively, n+1i;j �  ni;j�t = �Lxx(Unx;�;j) n�;j�i + �Lyy(Uny;i;�) ni;��j +N � ni;j� ; (i; j) 2 Sc;(3.4) �An+1x;i;j �Anx;i;j�t = �DyyAn+1x;i;��j � �DyxAny;�;��i;j + Jnx;i;j ; (i; j) 2 Sc [ Bl;(3.5) �An+1y;i;j �Any;i;j�t = �DxxAn+1y;�;j�i � �DxyAnx;�;��i;j + Jny;i;j : (i; j) 2 Sc [ Bl:(3.6)Equations (3.5) and (3.6) lead to two linear systems of equations,�I � �t� Dyy�An+1x;i = Fi( n; Anx; Any ); i = 1; : : : ; nx � 1;(3.7) �I � �t� Dxx�An+1y;j = Gj( n; Anx; Any ); j = 1; : : : ; ny;(3.8)for the vectors of unknowns Ax;i = fAx;i;j : j = 1; : : : ; nyg and Ay;j = fAy;i;j : i =1; : : : ; nx � 1g. The matrix Dyy has dimension ny � ny and is periodic tridiagonalwith elements �h�2y ; 2h�2y ;�h�2y ; the matrix Dxx has dimension (nx � 1) � (nx � 1)and is tridiagonal with elements �h�2x ; 2h�2x ;�h�2x , (except along the edges, becauseof the boundary conditions). Both matrices are independent of i and j. Furthermore,if the boundary conditions are time independent, they are constant throughout thetime-stepping process. Hence, the coe�cient matrices in Eqs. (3.7) and (3.8) needto be factored only once; in fact, the factorization can be done in the preprocessingstage and the factors can be stored.In a parallel processing environment, the coe�cient matrices extend over severalprocessors, so Eqs. (3.7) and (3.8) are broken up in blocks corresponding to the mannerin which the computationalmesh is distributed among the processor set. We �rst solvethe equations within each processor (inner iterations) and then couple the solutionsacross processor boundaries (outer iterations). Hence, we deal with interprocessorcoupling in an iterative fashion. Two to three inner iterations usually su�ce to reacha desired tolerance for convergence. After each inner iteration, each processor sharesboundary data with its neighbors through MPI calls.3.3. Implicit Integration. Algorithm III combines the semi-implicit treatmentof Ax and Ay with an implicit treatment of the order parameter, n+1i;j �  ni;j�t = �Lxx(Unx;�;j) n+1�;j �i + �Lyy(Uny;i;�) n+1i;� �j + N � ni;j� ; (i; j) 2 Sc;(3.9) �An+1x;i;j �Anx;i;j�t = �DyyAn+1x;i;��j � �DyxAny;�;��i;j + Jnx;i;j ; (i; j) 2 Sc [ Bl;(3.10)�An+1y;i;j �Any;i;j�t = �DxxAn+1y;�;j�i � �DxyAnx;�;��i;j + Jny;i;j : (i; j) 2 Sc [ Bl:(3.11)



8 D. O. GUNTER, H. G. KAPER, AND G. K. LEAFThe second and third equation are solved as in the semi-implicit algorithm of thepreceding section. The �rst equation is solved by a method similar to the method ofDouglas and Gunn [14] for the Laplacian.We begin by transforming Eq. (3.9) into an equation for the correction matrix�n+1 =  n+1 �  n. The equation has the general form(I ��t(Lxx + Lyy)) �n+1 = F ( n; Anx; Any ):(3.12)If �t is su�ciently small, we may replace the operator in the left member by anapproximate factorization,(I ��t(Lxx + Lyy)) � (I ��tLxx) (I ��tLyy) ;(3.13)and consider, instead of Eq. (3.12),(I ��tLxx) (I ��tLyy)�n+1 = F ( n; Anx; Any ):(3.14)This equation can be solved in two steps,(I ��tLxx)' = F;(3.15) (I ��tLyy)�n+1 = ':(3.16)The conditions (2.33), which must be satis�ed at the interface between the supercon-ductor and the blanket material, require some care. If we impose the conditions atevery time step, then�n+1nsx�1;j = Un+1x;nsx�1;j�n+1nsx;j + �Un+1x;nsx�1;j � Unx;nsx�1;j� nnsx;j;�n+1nex+1;j = �Un+1x;nex;j�� �n+1nex;j + h�Un+1x;nex ;j�� � �Unx;nsx�1;j��i nnsx;j;for j = 1; : : : ; ny. These conditions couple the correction � to the update of Ax. Toeliminate this coupling, we solve Eq. (3.12) subject to the reduced interface conditions�n+1nsx�1;j = Un+1x;nsx�1;j�n+1nsx;j; j = 1; : : : ; ny;(3.17) �n+1nex+1;j = �Un+1x;nex;j�� �n+1nex;j ; j = 1; : : : ; ny:(3.18)When Eq. (3.12) is replaced by Eq. (3.14), these conditions are inherited by thesystem (3.15).3.4. Fully Implicit Integration. Algorithm IV uses a fully implicit integrationprocedure for the order parameter, n+1i;j �  ni;j�t = �Lxx(Unx;�;j) n+1�;j �i + �Lyy(Uny;i;�) n+1i;� �j + N � n+1i;j � ; (i; j) 2 Sc;(3.19)�An+1x;i;j �Anx;i;j�t = �DyyAn+1x;i;��j � �DyxAny;�;��i;j + Jnx;i;j ; (i; j) 2 Sc [ Bl;(3.20)�An+1y;i;j �Any;i;j�t = �DxxAn+1y;�;j�i � �DxyAnx;�;��i;j + Jny;i;j : (i; j) 2 Sc [ Bl:(3.21)The new element here is the term N � n+1i;j � in the �rst equation.



INTEGRATION OF THE GINZBURG{LANDAU EQUATIONS 9The second and third equations are solved again as in the semi-implicit algorithm.The �rst equation is solved by a slight modi�cation of the method used in the im-plicit algorithm of the preceding section, The modi�cation is brought about by theapproximationN � n+1� = � n+1 � j n+1j2 n+1 � 1�t (S ( n) �  n) ;(3.22)where S is a nonlinear map,S( ) = �1=2 [j j2 + (� � j j2) exp(�2��t)]1=2 :(3.23)(This approximation is explained in the remark below.) Equation (3.19) is again ofthe form (3.12), but with a di�erent right-hand side,(I ��t(Lxx + Lyy))�n+1 = G( n; Anx; Any ):(3.24)The di�erence is that, where F in Eq. (3.12) contains a term (�t)N ( n), G inEq. (3.24) contains the more complicated term S ( n)�  n.Remark. The approximation (3.22) is suggested by semigroup theory. Symboli-cally, N ( ) = lim�t!0 S(�t) �  �t :(3.25)To �nd an expression for the \semigroup" S, we start from the continuous TDGLequations (2.6){(2.8) (zero-electric potential gauge, � = 0), using the polar represen-tation  = j jei�,@tj j = �j j � j jjr�� ��1Aj2 + � j j � j j3;(3.26) j j@t� = 2(rj j) � (r�� ��1A) + j jr � (r�� ��1A);(3.27) �@tA = �r�r�A+ ��1j j2(r�� ��1A):(3.28)At this point, we are interested in the e�ect of the nonlinear term j j3 on the dynamics.To highlight this e�ect, we concentrate on the time evolution of the scalar u = j j andthe vector v = r�� ��1A. (In physical terms, u2 is the density of superconductingcharge carriers, while u2v is � times the supercurrent density.) Ignoring their spatialvariations, we have a dynamical system,u0 = �ujvj2 + �u� u3;(3.29) v0 = �"u2v;(3.30)where 0 denotes di�erentiation with respect to t, and " = (�2�)�1. This system yieldsa pair of ordinary di�erential equations for the scalars x = u2 and y = jvj2,x0 = 2x(� � x� y);(3.31) y0 = �2"xy:(3.32)If � is large, " is small, and the dynamics are readily analyzed. To leading order, yis constant; y = 0 is the only meaningful choice. (Recall that xy1=2 is � times themagnitude of the supercurrent density.) Then the dynamics of x are given byx0 = 2x(� � x):(3.33)



10 D. O. GUNTER, H. G. KAPER, AND G. K. LEAFWe integrate this equation from t = tn to t,x(t) = �x(tn)x(tn) + (� � x(tn)) exp(�2� (t � tn)) :(3.34)In particular, x(tn+1) = �x(tn)x(tn) + (� � x(tn)) exp(�2��t) ;(3.35)where �t = tn+1 � tn. Since x(tn) = j nj1=2 and x(tn+1) = j n+1j1=2, it follows thatj n+1j = �1=2j nj[j nj2 + (� � j nj2) exp(�2��t)]1=2 :(3.36)The phase � of  is constant in time. If we multiply both sides by ei�, we obtain theexpression (3.23) for the \semigroup" S.4. Evaluation. We now present the results of several experiments, where thealgorithms described in the preceding section were applied to a benchmark problem.4.1. Benchmark Problem. The benchmark problem adopted for this investi-gation is the equilibration of a vortex con�guration in a homogeneous superconductorwithout defects (� = 16, � = 1, � = 1) embedded in a thin insulator (air), where theentire system is periodic in the direction of the free surfaces (y).The superconductor measures 128� in the transverse (x) direction. The thicknessof the insulating layer on either side is taken to be 2�, so the width of the entiresystem is 132�. The period in the y direction is taken to be 192�, so the entire systemmeasures 132� � 192�.The computational grid is uniform, with a mesh width hx = hy = 12�. Theperiodic boundary conditions in the y direction are handled through ghost points, sothe computational grid has 264� 386 vertices. The index sets for the superconductorand blanket (see Eqs. (2.16) and (2.17)) areSc = f(i; j) : i = 5; : : : ; 260; j = 1; : : : ; 386g;(4.1) Bl = f(i; j) : i = 1; : : : ; 4; 261; : : : ; 264; j = 1; : : : ; 386g:(4.2)The applied �eld is uniform, HL = HR = H = 0:5:(4.3)(Units of H are Hcp2, so H � 0:707 : : :Hc). As there is no transport current in thesystem, the solution of the TDGL equations tends to an equilibrium state.4.2. Benchmark Solution. First, preliminary runs were made to determine, foreach algorithm, the optimal number of processors in a multiprocessing environment.Figure 4.1 shows the wall clock time for 50 time steps against the number of processorson the IBM SP2. Each algorithm shows a saturation around 16 processors, beyondwhich any improvement becomes marginal. All problems were subsequently run on16 processors.Next, we used the fully explicit Algorithm I to establish a benchmark equilibriumcon�guration. We integrated Eqs. (3.1){(3.3) with a time step �t = 0:0025 (units of�2=D), the maximal value for which the algorithm remained stable, and followed the
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Fig. 4.1. Elapsed time for 50 time steps as a function of the number of processors.evolution of the vortex con�guration by monitoring the number of vortices and theirpositions. Equilibrium was reached after 10,000,000 time steps, when the numberof vortices remained constant and the vortex positions varied less than 1:0 � 10�6(units of �). The equilibrium vortex con�guration had 116 vortices arranged in ahexagonal pattern; see Fig. 4.2. The wall clock time for the entire computation wasapproximately 3,000 minutes. The elapsed time per time step (0.018 seconds) is ameasure for the computational cost of Algorithm I.4.3. Evaluation of Algorithms II{IV. With the benchmark solution in place,we evaluated each of the remaining algorithms (II{IV) for stability, accuracy, andcomputational cost.We found the stability limit in the obvious way, gradually increasing the timestep and integrating to equilibrium until arithmetic divergences caused the algorithmto fail. Equilibrium was de�ned by the same criteria as for the benchmark solution:no change in the number of vortices and a variation in the vortex positions of lessthan 1:0� 10�6.Because each algorithm de�nes its own path through phase space, one cannotexpect to �nd identical equilibrium con�gurations nor equilibrium con�gurations thatare exactly the same as the benchmark. The equilibrium vortex con�gurations forthe four algorithms were indeed di�erent, albeit slightly. To measure the di�erencesquantitatively, we computed the following three parameters: (i) the number of vorticesin the superconducting region, (ii) the mean bond length joining neighboring pairs ofvortices, and (iii) the mean bond angle subtended by neighboring bonds throughoutthe vortex lattice. In all cases, the number of vortices was the same (116); the meanbond length varied less than 1:0�10�3�, and the mean bond angle varied by less than
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Fig. 4.2. Equilibrium vortex con�guration for the benchmark problem.1:0�10�3 radians. Within these tolerances, the equilibriumvortex con�gurations werethe same.The results are given in Table 4.1; �t is the time step at the stability limit (unitsTable 4.1Performance data for Algorithms I{IV.Algorithm �t N C TI 0.0025 10,000,000 0.018 3,000II 0.0500 500,000 0.103 858III 0.1000 250,000 0.232 967IV 0.1900 100,000 0.233 388of �2=D), N the number of time steps needed to reach equilibrium, and C the costof the algorithm (seconds per time step). From these data we obtain the wall clocktime needed to compute the equilibrium con�guration, T = NC=60 (minutes).Note that the existence of a stability limit for Algorithm IV is a consequence ofthe implementation in a multiprocessing environment. Since we restrict interprocessorcommunication to the end of each time step, the fully implicit character of the algo-rithm is lost. On a single processor, Algorithm IV is fully implicit, and the stabilitylimit is in�nite.



INTEGRATION OF THE GINZBURG{LANDAU EQUATIONS 135. Further Evaluation of Algorithm IV. We evaluated the fully implicit Al-gorithm IV in more detail by considering its speedup in a multiprocessing environmentand its performance under a multi-timestepping procedure.5.1. Parallelism. First, we investigated the speedup of Algorithm IV in a mul-tiprocessing environment, using the the benchmark problem and two other problems,obtained form the benchmark problem by twice doubling the size of the system ineach direction. The mesh width was kept constant at 12�, so the resulting computa-tional grid had 264� 386 vertices for the benchmark problem, 528� 772 vertices forthe intermediate problem, and 1056� 1544 vertices for the largest problem. Speedupwas de�ned as the ratio of the wall clock time (exclusive of I/O) to reach equilibriumon p processors divided by the time to reach equilibrium on a single processor forthe benchmark and intermediate problem, or twice the time to reach equilibrium ontwo processors for the largest problem. (The largest problem did not �t on a singleprocessor.) The results are given in Fig. 5.1. The curve for the benchmark problem
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upFig. 5.1. Performance of Algorithm IV in a multiprocessing environment.was obtained as an average over many runs; the data for the intermediate and largestproblem were obtained from single runs, hence they are less smooth. The speedup isclearly linear when the number of processors is small; it becomes sublinear at about12 processors for the smallest problem, 14 processors for the intermediate problem,and 18 processors for the largest problem.5.2. Multi-timestepping. The �nal set of experiments shows that the perfor-mance of Algorithm IV is enhanced by a multi-timestepping procedure, where A isupdated less frequently than  , n+1i;j �  ni;j�t = �Lxx(Unx;�;j) n+1�;j �i + �Lyy(Uny;i;�) n+1i;� �j +N � n+1i;j � ; (i; j) 2 Sc;(5.1)�An+mx;i;j � Anx;i;jm�t = �DyyAn+mx;i;� �j � �DyxAny;�;��i;j + Jnx;i;j; (i; j) 2 Sc [ Bl;(5.2)�An+my;i;j � Any;i;jm�t = �DxxAn+my;�;j �i � �DxyAnx;�;��i;j + Jny;i;j: (i; j) 2 Sc [ Bl:(5.3)When m = 1, both  and A are updated at every time step, but when m is greaterthan 1,A is updated only every mth time step. In the limit as m!1, this procedureyields the frozen-�eld approximation, which is a good approximation of the Ginzburg{Landau model near the upper critical �eld when the charge of the superconductingcharge carriers is small [15].



14 D. O. GUNTER, H. G. KAPER, AND G. K. LEAFWe applied this modi�cation of Algorithm IV with m = 10; 15 to the benchmarkproblem of x4. The results are given in Table 5.1. All computations were done withTable 5.1E�ect of update frequency on time and cost of Algorithm IV.m N C T1 100,000 0.2330 38810 200,000 0.0707 23615 250,000 0.0646 270�t = 0:19 (units of �2=D). The data for the computation with m = 1 are takenfrom Table 4.1. We observe that the cost of the algorithm (C, seconds per timestep) decreases with increasing m, while the number of time steps to equilibrium(N ) increases. If m = 10, the overall wall-clock time (T = NC=60, minutes) isapproximately one-third less than the wall-clock time for m = 1. For larger valuesof m, the increase in the number of steps needed to reach equilibrium o�sets anygain from the decrease in cost. These data suggest an optimal strategy, where A isupdated every 10 time steps. Figure 5.2 shows the e�ect of the updating frequencyon the evolution of the free-energy functional (2.9). Note the dramatic increase of thewall-clock time for m = 15. Eventually, the curve for m = 15 merges with the othercurves, but this happens well beyond the range of the �gure.
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Fig. 5.2. E�ect of the updating frequency on the evolution of the energy functional.6. Conclusions. The results of the investigation lead to the following conclu-sions.(i) One can increase the time step �t nearly 80-fold, without losing stability, bygoing from the fully explicit Algorithm I to the fully implicit Algorithm IV.(ii) As one goes to the fully implicit Algorithm IV, the complexity of the matrixcalculations and, hence, the cost C of a single time step increase.
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